ON FLAT AND GORENSTEIN FLAT DIMENSIONS OF LOCAL 
COHOMOLOGY MODULES 
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Abstract. Let (R, m) be a commutative Noetherian local ring and let M be a relative 
Cohen-Macaulay i?— module with respect to a proper ideal of R and set n ;= ht j\^o. We 
prove that id rM < go if and only if fdi{H^(M) < oo, and that fdiiW^{M) = M rM + 
n. This result provides some characterizations of Gorenstein local rings which, under 
some additional assumptions, have been exposed in the literature. We also prove that 
GpdflM < oo if and only if Gfdj{H^,{M) < oo and that GfdijH^(M) = Gpd j{M + n 
whenever M is Cohen-Macaulay with dimM = n. As an application of this result, we 
show that its Gc-Gorenstein projective version holds true, where C is a semidualizing 
i?-module. 



1. INTRODUCTION 

Throughout this paper, i? is a commutative Noetherian ring, o is a proper ideal of R 
and M is an i?-module. From section 3, we assume that R is local with maximal ideal 
m. In this case, R denotes the m-adic completion of R and E(i?/m) denotes the injec- 
tive hull of the residue field R/m. For each non-negative integer i, let H* (Af) denotes the 
i-th local cohomology module of M with respect to o (see [3] for its definition and basic 
results). Also, we use idi{(M), pd_R(M) and fd_R(M), respectively, to denote the usual 
injective, projective and flat dimensions of M respectively. The notions of Gorenstein in- 
jective, Gorenstein projective and Gorenstein flat, were introduced by Enochs and Jenda 
in [9]. Notice that, the classes of Gorenstein injective, Gorenstein projective and Goren- 
stein flat modules include, respectively the classes of injective, projective and fiat modules. 
Recently, the authors proved, in [T71 Theorem 2.5], that if M is a certain module over a 
local ring R, then id_R(M) and id _r,(hJJ* ""(M)) are simultaneously finite and the equality 
idii(H^t^'»(M)) = id _R(Af ) — ht mQ holds. Also, a counterpart of this result was established 
in Gorenstein homological algebra. Indeed, under the additional assumption that R has a 
dualizing complex, it was proved that G\A rM < oo implies Gidii;II^(M) < oo and that 
the converse holds whenever both R and M are Cohen-Macaulay. As an application of this 
result, it was shown that the equality Gid flllJ^^(Af) = Gid^A/ — n holds, whenever M is a 
Cohen-Macaulay module over the Cohen-Macaulay local ring (i?,m) and dimAf — n. 
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The principal aim of this paper is to study, in hke manner, the projective (resp. Gorenstein 
projective) dimension of certain i?-modules in terms of flat (resp. Gorenstein flat) dimension 
of its local cohomology modules. 

In this paper we will use the concept of relative Cohen-Macaulay modules which has 
been studied in [12] under the title of cohomologically complete intersections and continued 
in [T7] and [TB]. The organization of this paper is as follows. In section 3, we prove, in 
3.1, that if M is relative Cohen-Macaulay with respect to o and ht a/o = n, then fd/jM 
and id piii^{M) are simultaneously finite and fd flH^(M) = fd i^M + n. Next, in 3.3, we 
prove that a d-dimensional finitely generated i?-modulc M with finite projective dimension 
is Cohen-Macaulay if and only if fdi^H,'J,(M) = pd/jAf + d. Notice that, this result is a 
generalization of [91 Proposition 9.5.22]. In 3.5, 3.6 and 3.7, we also generalize some results 
of the author and H. Zakeri, which have been proved in [16] and [17] under some additional 
assumptions. In 3.8, we generalize the well-known result that if the local ring R admits a 
non-zero Cohen-Macaulay module of finite projective dimension, then R is Cohen-Macaulay. 
Indeed, it is shown that R is Cohen-Macaulay if it admits a non-zero Cohen-Macaulay R- 
module with finite C-pdij(A/), where C is a semidualizing i?-module. In section 4, as a 
main result, a Gorenstein projective version of 3.1 is demonstrated in a certain case. Indeed, 
it is shown, in 4.2, that if M is Cohen-Macaulay with dimM = n, then Gpd ijM < cx) if and 
only if GfdijHJJj(M) < oo and, moreover, the equality Gfd_RH|^(M) = Cpd^M -f n holds. 
Also, in 4.3, we provide a Gorenstein projective version of 3.3. Finally, with the aid of the 
above result, it is proved that if C is a semidualizing i?-niodule and M is Cohen-Macaulay 
with dimAf — n, then the quantities Gc-pd rM and Gc-fd flH,'^(A/) are simultaneously 
finite and the equality Gc-fd flHjJ,(Ajf) ~ Gc-pd rM + n holds. 

2. PRELIMINARIES 

In this section we recall some definitions and facts which are needed throughout this 
paper. 

Definition 2.1. Following [20l Definition 2.1], let A' be a class of i?- modules and let M be 
an i?- module. An X-coresolution of Af is a complex of i?- modules in X of the form 



such that Ho(A") = Af and H„(X) = for all n < —1. The X-injective dimension of Af is 
the quantity 

X-id ii{M) = inf{sup{-n > 0|X„ 7^ 0} | X is an A'-coresolution of M }. 

The modules of (Y-injective dimension zero are precisely the non-zero modules of X and also 
X-idR{0) = -00. 

Dually, an X -resolution of Af is a complex of i?- modules in X of the form 
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such that Ho(X) = M and H„(X) = for all n > 1. The X-projective dimension of M is 
the quantity 

A'-pdfl(Af) = inf{sup{n > 0|X„ =^ 0} | X is an A'-resolution of M }. 

The modules of Af-projective dimension zero are precisely the non-zero modules of X and 
also A'-pdj^(O) = — oo. 

The following notion of semidualizing modules goes back at least to Vasconcelos [23] , but 
was rediscovered by others. The reader is referred to !19, for more details about semidualizing 
modules. 

Definition 2.2. A finitely generated i?-module C is called semidualizing if the natural 
honiomorphism R Hom r{C, C) is an isomorphism and Ext }j(C, C) = for all i > 1. An 
i?-module D is said to be a dualizing i?-module if it is semidualizing and has finite injective 
dimension. For a semidualizing _R-module C, we set 

Xc{R) = { Hom/j(C, /)| / is an injective i?-module}, 
Vc{R) = { C ®R P| P is a projective i?-module}, 
Fc[R) ^ {C ®rF\ F is a flat P-module}. 

The i?-modules in Ic'{R), Vc{R) and Fc{R) are called C-injective, C-projective and C- 
flat, respectively. For convenience the quantities Ic{R)-id rM and Vc{R)-Y"^ rM , which 
are defined as in 2.1, are denoted by C-\Ar{M) and C-pdfl'(M) respectively. Notice that 
when C — R these notions recover the concepts of injective and projective dimensions, 
respectively. 

Based on the work of E.E. Enochs and O.M.G. Jenda [S], the following notions were 
introduced and studied by H. Holm and P. J0rgensen [14] . 

Definitions 2.3. Let C be a semidualizing i?-module. A complete Ic^- cores olution is a 
complex Y of i?-modules such that 

(i) Y is exact and Hom Y) is exact for each I G Ic{R), and that 

(ii) Yi E Ic{R) for alH > and Yi is injective for all i <Q. 

An i?- module M is called G c-injective if there exists a complete TcT-coresolution Y such 
that M = 'ker{d^). In this case 1^ is a complete Ic^^-coresolution of AI. The class of 
Gc*- injective i?- modules is denoted by QIc{R)- 

A complete VcT-resolution is a complex X of i?-modules such that 

(i) X is exact and Homfl(X, P) is exact for each P e Vc{R), and that 

(ii) Xi £ Vc{R) for alH < and Xi is projective for all i > 0. 

An _R-module M is called Gc-projective if there exists a complete PpP-resolution X 
such that M = Coker (9^" ) . In this case X is a complete Pc^-resolution of M. The class 
of Gc-projective i?-modules is denoted by QVc{R)- 

A complete !Fc^ -resolution is a complex Z of i?-modules such that 

(i) Z is exact and Z ®r I is exact for each / e Ic{R), and that 

(ii) Zj e TciR) for alH < and Zi is fiat for alH > 0. 
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An i?- module M is called Gc-flat if there exists a complete 7^7 -^-resolution Z such that 
M = Coker(9f ). In this case Z is a complete J-c-T^-resolution of M. The class of Gc-flat 
i?-modules is denoted by QFc{R)- 

For convenience the tJIc(-R)-id flM, GVciRYvA rM and ^ J"c (-R)-pd of Af which are 
defined as in 2.1 are denoted by Gc-idii:(M), Gc-pdi^M and Gc-fdijM, respectively. Note 
that when C = R these notions are exactly the concepts of Gorenstein injective, Gorenstein 
projective and Gorenstein flat dimensions which were introduced in [S]. 

Definition 2.4. We say that a finitely generated i?-module M is relative Cohen Macaulay 
with respect to a if there is precisely one non-vanishing local cohomology module of M with 
respect to o. Clearly this is the case if and only if grade (a, M) — cd (a, Af ), where cd (a, M) 
is the largest integer i for which Hjj(Af ) ^ 0. Observe that the notion of relative Cohen- 
Macaulay module is connected with the notion of cohomologically complete intersection 
ideal which has been studied in |12) . 

Remark 2.5. Let M be a relative Cohen-Macaulay module with respect to a and let 
cd(o, Af) = n. Then, in view of [3] theorems 6.1.4, 4.2.1, 4.3.2], it is easy to see that 
SuppH'„'(Af) = Supp (Af/aAf ) andht mo = grade (o,Af), where ht ma = inf{ AmiR^M^\ p € 
Supp(Af/aA/) }. 

Next, we recall some elementary results about the trivial extension of a ring by a module. 

Definition and Facts 2.6. Let G be an i?-module. Then the direct sum R® C has the 

structure of a commutative ring with respect to the multiplication defined by 

(a, c)(a', c') = (aa', ac' + a'c), 

for all (a, c), (a', c') e i? © G. This ring is called trivial extension of i? by G and is denoted 
by i? K G. The following properties of i? k G are needed in this paper. 

(i) There are natural ring homomorphisms R ^ R tK C which enable us to consider 
i?-modules as i? k G-modules, and vice versa. 

(ii) For any ideal o of i?, a © G is an ideal of i? x G. 

(iii) (i? IX G, m ® G) is a Noetherian local ring whenever {R, m) is a Noetherian local ring 
and G is a finitely generated i?-module. Also, in this case, dim R — dim R x C. 

The classes defined next is collectively known as Foxby classes. The reader is referred to 
[TO] for some basic results about those classes. 

Definition 2.7. Let G be a semidualizing i?-module. The Bass class with respect to G is 
the class Bc{R) of i?-modules M such that 

(i) Ext'^(G, Af) = = Torf (G,Homi?(G,Af)) for all i > 1, and that 

(ii) the natural evaluation map G Hom k(G, M) M is an isomorphism. 

Dually, the Auslander class with respect to G, denoted by Ac{R), consists of all i?- modules 
M such that 

(i) Tor f(G, Af) = = Ext}^(G, G (Sr M) for alH > 1, and that 

(ii) the natural map Af — >■ Homij(G, G ^r M) is an isomorphism. 
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3. LOCAL COHOMOLOGY AND FLAT DIMENSION 

The following theorem, which is one of the main results of this section, provides a com- 
parison between the flat dimensions of a relative Cohen-Macaulay module and its non-zero 
local cohomology module. Here we adopt the convention that the flat dimension of the zero 
module is to be taken as — cx). 

Theorem 3.1. Let n be a non-negative integer such that H^(A'/) — for all i ^ n. 

(i) // fdflAf < oo, then fd;^H;'(Af) < oo. 

(ii) The converse holds whenever M is finitely generated. 

Furthermore, if M is non-zero finitely generated, then fd flH^(M) = fd rM+u = pd jiM+n. 

Proof, (i): First notice that we may assume H^(A/) 0. Let fd/jM — s and let c be the 
arithmetic rank of a. Then, there exists a sequence xi, . . . ,Xc of elements of R such that 



y/a — {x\, . . . , Xc). We notice that n < c. Let C{R)' denotes the Cech complex of R 
with respect to xi, . . . , Xq. Let N be an arbitrary i?— module and let F, be a free resolution 
for N. For the first quadrant bicomplex M = {Mp^q = Fp (g)_R M (g)_R Cc-q} we denote the 
total complex of M by Tot (TW). Now, with the notation of [H], is the bigraded module 
whose {p,q) term is H^(Mp^,), the q-th homology of the p-th column. Since Fp is flat, by 
assumption we have 



therefore 



if g 7^ c — n 

Fp<i^Rll'i{M) ifg = c-n, 

r„ /// |0 if OT^c — n 

[Tor«(iV,H^(Af)) ifg = c-n; 
and hence the spectral sequence collapses. Note that, in view of [TSl Theorem 10.16] we 
have ^ E^ H„_|_„(Tot (A^)) for all p, q. Thus, for all t = p + q, there is the following 

filtration 

= C C . . . C ^*-^Ht C = Ht 

such that ^-E^g = ^PHt/^P^^Ht. Therefore, one can use the above filtration to see that 
(3.1) Torf(Ar,H^(Af)) ^ Hp+,_„(Tot (X)) 

for all p. 

A similar argument applies to the second iterated homology, using the fact that each 
Cc-q is flat, yields 



„ , ,0 if g > s 

M , = H ,H ,{M) = { , 

^ " I H^^f (Tor^(iV,Af)) ifg'<s. 



Now, we claim that ■^■^iJT^/ =Oforallp,g such that p +(7 = p-|-c—n and that p > s-f-n. 
To this end, flrst notice that, by [H Theorem 10.16], we have ^^S^, ^, =^ ^p' +q' (Tot {M)). 
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If g > s, there is nothing to prove. Let q < s. Then > c — p and hence E^> ^ — 0; 
which in turn yields ^^E^ ^ — 0. Now, by using a similar filtration as above, one can 
see that Hp+c-«(Tot = for aU p > s + n. Therefore Tor^(iV, H;J(A/)) = for all 

p > s + and hence fd fl(H)J(A/)) < s + n. 

(ii): First, notice that Torf'-(i?/m, Af) is a-torsion for all i. Therefore, by using the same 
arguments as above, one can deduce that 



,, , ,0 if n 7^ c 

^ lTor^(i?/m,Af) ifp'^c. 

Thus, the spectral sequence collapses at the c-th column; and hence we get the isomorphism 
Tor^ (i?/m, A/) = H^'^^(Tot (A^)) for aU q . It therefore follows, by the isomorphism (3.1), 
that 

(3.2) Tor^(i?/m, H^(M)) - Tor^_„(i?/m, M) 

for all p. Now, suppose for a moment that Af is non-zero and finitely generated. Then, one 
can use [T51 Corollary 8.54], to see that IArM < oo. The final assertion is a consequence of 
(i) and (ii). □ 

Corollary 3.2. Suppose that R is relative Cohen- Macaulay with respect to a and that 
ht/fO — n. Then, for every non-zero faithfully fiat R-module M we have fd/jII^'(Af) — n. 

Proof. Let M be a non-zero faithfully flat _R-module. Since the functor II^'^(— ) is right exact, 
we have H^(Af) = II^(i?) M; and hence by assumption II^(Af) ^ and vnM ^ M. 
By, [ISl Theorem 5.40], there is a directed index set / and a family of finitely generated 
free it!-modules {Mi}i^j such that M = lin^Afi. Notice that each Mi is relative Cohen- 

Macaulay with respect to a and that ht — n. Therefore, H^(Af) — limII-^(A/i) ~ for 

ah j 7^ n; and hence, in view of 3.1(i), we get fdii;II^(M) < n. Now, if fdflll^(Af) < n, 
then Tor^(i?/m, H„(Af)) = 0. But, by the isomorphism (3.2), which is proved without 
finitely generated assumption on A/, we have Tor^(_R/m, II^(Af)) = M/mM ^ which is a 
contradiction. □ 

The next proposition is a generalization of [SI Proposition 9.5.22]. 

Proposition 3.3. Let M be a d- dimensional finitely generated R~module of finite projective 
dimension. Then the following statements are equivalent. 

(i) M is Cohen-Macaulay. 

(ii) foi^H^(Af) =pdflM + d. 

(iii) pdflH^(Af) =pdi^A/ + d. 

Moreover, if one of the above statements holds, then R is Cohen-Macaulay. 

Proof. We first notice that the Artinian i?-module HJ^(Af) has a natural i?-module structure 
and that fdi?H^(Ar) = fd ^(H;^(Ai")). Now, assume that fdflH^(Af) < oo. Then, in view of 
[I5l Proposition 6] and [iTl Theorem 3.2.6], we see that fdiiHj^(M) < pd i?H^(Af) < dimi?. 
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Next, by 0] Theorem 3.1.17], \6l Theorem 4.16] and the New Intersection Theorem, one can 
deduce that 

fdj^R^iM) ^ id^Hom^(H^(M),E^(i?/mi?,)) = depth i?^ = dhiii?. 

It therefore follows that fdii;Hj^(M) = pdflllj^(M) — dimi? and that R is Cohen-Macaulay. 

Now, the implications (ii)<;4>(iii) follows immediately from the above argument. 

(ii)=>(i): Since fdii;H^(M) < oo, one can use the conclusion of the above argument in 
conjunction with the Auslander-Buchsbaum Theorem [H Theorem 1.3.3] to see that M is 
Cohen-Macaulay. Finally the implication (i)=>(ii) follows from 3.1. 

□ 

The following corollary, which is an immediate consequence of the pervious proposition, 
has been proved in Proposition 9.5.22] under the extra condition that the underlying ring 
admits a canonical module. 

Corollary 3.4. Suppose that dimi? = d. Then the following statements are equivalent. 

(i) i? is a Cohen-Macaulay ring. 

(ii) fdflH^(i?)=d. 

(iii) pdRlli{R)^d. 

The next proposition has been proved in [Tni Proposition 3.3] under the extra conditions 
that the underlying ring is Cohen-Macaulay and admits a dualizing complex. 

Proposition 3.5. Let C be a semidualizing R-module. Then the following statements are 
equivalent. 

(i) C is a dualizing R-module. 

(ii) Gc-id flilg [R] < oo for all ideals o of i? such that R is relative Cohen-Macaulay 
with respect to a and that ht Ra = n. 

(iii) Gc-id flH^ (i?) < oo for some ideal a of R such that R is relative Cohen-Macaulay 
with respect to a and that ht j^a = n. 

Proof. The implication (i)=>(ii) follows from [16[ Theorem 3.2(ii)] and the implication 
(ii)=>(iii) is clear. 

(iii)=^(i): Suppose that Gc-id flll„(i?) < oo, where a is an ideal of R such that R is 
relative Cohen-Macaulay with respect to o and that ht Ra — n. Then, in view of 3.1, 
fdi^H„(i?) < oo. Hence, one can use [151 Proposition 6] to see that pd iiH2{R) < oo. 
Therefore, by [201 Theorem 2.3], we have Gc-id R}i'^{R) = C-idRH^(i?). Hence, one can 
use [ISl Theorem 3.2(ii)] to complete the proof. □ 

An immediate consequence of the previous proposition is the next Corollary, which has 
been proved in [171 Corollary 3.10] with additional assumptions that R is Cohen-Macaulay 
and admits a dualizing complex. 

Corollary 3.6. The following statements are equivalent. 
(i) i? is a Gorenstein ring. 
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(ii) Gid i?H^'(i?) < oo for all ideals a of i? such that R is relative Cohen-Macaulay with 
respect to a and that ht = n. 

(iii) Gid /jH^' (i?) < oo for some ideal a oi R such that R is relative Cohen-Macaulay with 
respect to a and that ht ua = n. 

It follows from the proof of [TBI Theorem 3.2(i)] that if n is a non-negative integer and 
M is an i?-module( not necessarily finitely generated) such that H^(A/) — for all i ^ n 
and that C-idflM is finite, then C-id/jHg(Af) is finite. This fact leads us to the following 
proposition which recovers [161 Theorem 3.8]. 

Proposition 3.7. Let C be a semidualizing R-module. Consider the following statements. 

(i) R is Gorenstein. 

(ii) C-id ijH^ (C) < oo for all ideals a of R such that R is relative Cohen-Macaulay with 
respect to a and that ht = rt. 

(iii) C-idii'H^(C) < oo for some ideal a of R such that R is relative Cohen-Macaulay 
with respect to a and that ht /ja — n. 

Then, the implications (i)=>(ii)=4>(iii) hold true, and the implication (iii)=>(i) holds true 
whenever R is Cohen-Macaulay. 

Proof. First, notice that R = C whenever R is Gorenstein. Hence, the implication (i)=^(ii) 
follows from [17, Theorem 2.5(i)]. The implication (ii)^(iii) is clear. 

(iii)=>(i): Let o be an ideal of R such that R is relative Cohen-Macaulay with respect 
to a and that ht_Ra = n. Since Supp ^(C) — Spec(i?), in view of [3 Theorem 2.2], we 
get cd(a, i?) = cd(a, C). On the other hand, by [TH Theorem 2.2.6(c)], grade (a, i?) = 
grade (o,C). Hence, 2.4 implies that C is relative Cohen-Macaulay with respect to o. Also, 
by [21 Theorem 3.4.10], the local cohomology functor HJ,(— ) commutes with direct limits 
and any i?-module can be viewed as a direct limit of its finitely generated submodules. 
It therefore follows that the functor H^'(— ) is right exact. Thus, in view of [31 Exercise 
6.1.9], we have H;j(i?) (E)rC ^ Ki^)- Since H^(E(i?/m)) = E(i?/m) and for any non- 
maximal prime ideal p of R, ll'^{E{R/p)) = 0, we may apply [TTl Proposition 2.8] to see that 
HJ^(H„(C)) = HjJ,'^*(C) for all z > 0. Therefore, by considering the additional assumption 
that R is Cohen-Macaulay, one can deduce that 



where d = dimi?. Thus, by the assumption and [TH Theorem 3.2(i)], we see that 



It is known that if a local ring admits a non-zero Cohen-Macaulay i?-module of finite 
projective dimension, then it is a Cohen-Macaulay ring. The following theorem is a gener- 
alization of this result. 

Theorem 3.8. Let C be a semidualizing R-module. Lf there exists a non-zero Cohen- 
Macaulay R-module M with finite C-pdj^M, then R is Cohen-Macaulay. 




ifi^dimR/a 
niiC) ifi = dimi?/o. 



C-idflH^(C) is finite. Now, one can use [IHl Theorem 3.8] to complete the proof. 



□ 
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Proof. Let M be a non-zero Cohen-Macaulay i?-modulc of dimension n such that C-pd 
is finite. Notice that, in view of 122, Theorem 2.11(c)], we have C-pd = pd rHoui r{C, M) 
Also, since C^rR is a semiduahzing i?-module and Hom ^=.((5, M) = Hom ^^(C, M)®rR, we 
may assume that R is complete. Now, by using [22l Corollary 2.9(a)], we have M e Bc{R)- 
Therefore, Torf (C, Hom j{(C,M)) = for aU i > and C ®r Hom k(C,M) ^ M. Hence, 
one can use pQ Theorem 1.2] to obtain the following equalities 

depth rM = depth r{C ®r Hom ^(C, M)) 

= depth rC - depth R + depth ijHoni (C, M) 
= depth Hom i^(C, M). 

On the other hand, since Ass Rijiom r{C, M)) — Ass r{M) and M is Cohen-Macaulay, we 
see that dim r{M) = dim/j(Homfl(C, M)). Therefore, Rom r{C,AI) is Cohen-Macaulay. 
Hence, one can use 3.1 to see that the injective dimension of the finitely generated i?-module 
Homij;(HjJj(Homij;(C, M)), Ei^(i?/m)) is finite. Therefore, by the New Intersection Theorem, 
R is Cohen-Macaulay. □ 

Applying Theorem 3.8 to the semiduahzing i?-module C — R, we immediately obtain 
the following well-known result. 

Corollary 3.9. If R admits a non-zero Cohen-Macaulay module of finite projective dimen- 
sion, then R is Cohen-Macaulay. 

Proposition 3.10. Let M be relative Cohen-Macaulay with respect to a and set ht ma — n. 
Suppose that Gidii;H^(M) and Gfdi{H^(M) are finite. Then pd^M is finite if and only if 
iArM is finite. 

Proof. Let pd^jM < oo. Then, in view of 3.1, we have fdfl(H[J(M)) < oo. Therefore, by 
the assumption and [131 Theorem 2.6(i)], idflH^(M) < oo. Hence, in view of [17, Theorem 
2.5], idj^M < oo. Now, to prove the reverse, suppose that id rM < oo. Then, by [T71 
Theorem 2.5], id /j'(H^'(M)) < oo. Therefore, by the assumption and [6, Proposition 4.21], 
fdii(H^(M)) < oo. Hence, in view of 3.1, we have pd^M < oo. □ 

Remark 3.11. If R is Gorenstein, then, by theorems 3.14 and 4.11], Gld^M and 
Gid rM are finite for any i?~module M. Therefore 3.10 implies the well-known fact that, 
for a finitely generated i?-module M, pd rM is finite if and only if id rM is finite. 

4. LOCAL COHOMOLOGY AND GORENSTEIN FLAT DIMENSION 

The starting point of this section is the next lemma which has been proved, in p/7| Lemma 
3.7] and [TTj Corollary 3.9], under the extra assumption that R is Cohen-Macaulay. 

Lemma 4.1. Suppose that M is a non-zero finitely generated R-module. Then the following 
statements hold true. 

(i) Suppose that a; e m is both i?-regular and Af-regular. Then Gid rM < oo if and 
only if Gid ri^r{M/xM) < oo. 
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(ii) Assume that M is Cohen-Macaulay of dimension n. Then Gid ^Af < oo if and only 
if GidflH;;(M) < oo. 

Proof. First notice that, by [51 Theorem 3.24], Gid rM — Gid j^M . On the other hand, since 
Hj^(M) is Artinian, in view of [HI Lemma 3.6], we have GidflH;;(Af) = Gid^H^(M) = 
Gid^H^^(Af). Thus, we can assume that R is complete; and hence it has a dualizing 
complex D. 

(i) : Set i? = R/xR. We notice that fd^^R < oo and ^l'+'^'''^^^^{m,R) = ^»+<iepthfl(^ 
for all i €T,, where /x*(m, R) denotes the i-th Bass number of R with respect to m. Hence, by 
using [21 2.11], we see that D ®^ i? is a dualizing complex for R. On the other hand, by the 
assumption, one can deduce that Torf (i?, Af) = for all « > 0. Therefore M ~ M ® \ R, 
in derived category 'D{R). Now, we can use [5] Theorem 5.5] to complete the proof. 

(ii) : Let M be Cohen-Macaulay with dimAf = n. Then, the implication (=>) follows from 
[17[ Theorem 3.8(i)]. To prove the converse, we proceed by induction on n. The case n = 
is obvious. Assume that n > and that the result has been proved for n—1. Now, by using 
[171 Theorem 3.12(ii)] in conjunction with the assumption, one can choose an element x in 
m which is both i?-regular and Af-regular. Next, we can use the induced exact sequence 

Yil-\MlxM) ^ nl{M) ^ nl{M) ^ 

and [HI Proposition 3.9] to see that Gid/j(HjJ,^^(A//a;Af)) is finite. Hence, by the in- 
ductive hypothesis, GiArM/xM is finite. Therefore, in view of [51 Theorem 7.6(b)], 
G\d r/xrM / xM < oo. It therefore follows from part(i) that Gid ^Af is finite. Now the 
result follows by induction. 

□ 

The following theorem, which is the main result of this section, provides a comparison 
between the Gorenstein projective dimensions of a Cohen-Macaulay module and its non-zero 
local cohomology module with support in m. 

Theorem 4.2. Suppose that the R-module M is Cohen-Macaulay of dimension n. Then 
Gpd/j(Af) and Gfd fl(HJJj(Af)) are simultaneously finite and when they are finite, there is 
an equality Gid r{}11,{M)) = Gpd i^(Af) -h n. 

Proof. First notice that, in view of [51 Theorem 4.27] and [51 propositions 2.16 and 1.26], we 
have Gfd/iH^(Af) = Gfd^H^^(M) and Gpdfl(Af) = Gpd^(Af). Therefore, without lose 
of generality, we can assume that R is complete; and hence it is a homomorphic image of 
a Gorenstein local ring (5, n) of dimension d. Now, in view of the local duality theorem [31 
Theorem 11.2.6], we have 

(4.1) H;;(A/) = Homi?,(Ext^-"(Af, S*), E(i?/m)). 

Next, we notice that M is a Cohen-Macaulay S'-module of dimension n; and hence, by 
H Theorem 3.3.10(c)(i)], the S-module Ext ^""(Af, S') is Cohen-Macaulay of dimension n. 
So that it is a Cohen-Macaulay i?-module. Therefore, again, we can use the local duality 
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theorem and [41, Theorem 3.3.10(c)(iii)] to obtam the following isomorphisms 

(4.2) Ul{Ext^f"{M,S)) =Homij(Ext^-"(Ext^-"(M,S'),S'),E(i?/m)) 

^HomH(M,E(i?/m)). 

Now, with the aid of the above arguments, there are equivalences 

G-pdR{M) <oo 4=> Gid/?(Hom;^(M,E(i?/m))) < cx) ^ Gid /?(H;;(Ext ^""(M, 5))) < oo 
^ Gidi^(Ext^-"(A/,5)) < oo ^ Gfdi^(H;;(Af)) < oo. 

Notice that, in the above equivalences, the first step follows from [6, Theorem 4.16 and 
Proposition 4.24], the second step is from (4.2), the third step is clear by 4.1(ii), and the 
fourth step is an immediate consequence of (4.1) and [B] Theorem 4.25]. 

For the final assertion, we notice that, since HJJ,(M) is Artinian and R is complete, the 
i?-module Hom fl(HJJ,(M), E(i?/m)) is finitely generated. Therefore, in view of [B] theorems 
3.24 and 4.16], we get the following equalities 

GidRRKM) = GidRRomR{Rl{M),nR/m)) 
= depth R 
= Gpd rM + n, 

where the last equality follows from [51 Proposition 4.24 and Theorem 1.25]. □ 

The following proposition is a Gorenstein projective version of 3.3. 

Proposition 4.3. Assume that R is Cohen- Macaulay and that M is a d-dimensional finitely 
generated R-module of finite Gorenstein projective dimension. Then the following state- 
ments are equivalent. 

(i) M is Cohen-Macaulay. 

(ii) GfdflH^(M) = GpdflM + d. 

(iii) GpdflH^(M) = GpdflM + d. 

Proof. The implication (i)=>(ii) follows from 4.2. (ii)=>(i),(iii): Since R has finite Kuril 
dimension and Gfd /jHj^(M) is finite, we have the finitness of Gpd rR'^{M) by [TUl Theorem 
3.4]. Hence, by [H Corollary 2.4], GpdflH;^(M) < dimi?. Therefore, in view of [BJ Theorem 
4.23], we get the following inequalities 

Gpd rM + d = Gfd RiliiM) < Gpd flH^(Af) < dim R. 

Now, one can use [B] Proposition 2.16 and Theorem 1.25] to see that Gid rII'^{M) = 
Gpd rR^{M) and that depth Af = dimAf. Thus, M is Cohen-Macaulay and (in) holds 
true. 

(ih)=>(n): First, we notice that, by ^ Theorem 4.27], GfdflHj[,(M) = Gfd^H^^(Af) 
and that, in view of [6, propositions 4.23 and 2.20], the following inequalities hold: 

GtdRKRiM) <GpdX^(A:/) 
< Gpd rRUm). 
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Now, since H5^(Af) is an Artinian i?-module, one can use [6], Theorem 4.16] to see 
that the finitely generated _R~module Horn fl(HJ^(M), E(_R/m)) is of finite Gorenstein in- 
jective dimension. Therefore, by [51 Theorem 3.24] and Theorem 4.16], Gfd fjii'^{M) = 
Gid^Homi{(H;^(Af),E(i?/m)) = dimi?. Hence, one can use [8, Corollary 2.4] and above 
inequalities to complete the proof. 

□ 

Next, we single out a certain case of 4.3 which is a Gorenstein projective version of 
Corollary 3.4. Notice that the proof of the following corollary is similar to the proof of 
4.3(ii)^(i). 

Corollary 4.4. Suppose that dim R — d. Then the following statements are equivalent. 

(i) R is Cohen-Macaulay. 

(ii) GfdflH^(i?) -d. 

The following proposition is a generalization of Theorem 4.2 in terms of Gc^dimensions. 

Proposition 4.5. Let C he a semidualizing R-module and let M be a Cohen-Macaulay 
R-module of dimension n. Then the following statements are equivalent. 

(i) Gc-pdflAf < oo. 

(ii) Gc-idR]ll{M)<^. 

Furthermore, Gc-fd flH;;(Af ) = Gc-pd^AZ + n. 

Proof. First, we notice that, in view of [H Theorem 4.2.1], HJ,^(A/) = Hj,,^c'(M) for all i. 
Therefore, AT is a Cohen-Macaulay R k G-module with dimension n. On the other hand, 
by using [H Theorem 2.16], we have Gc-pd^Af = G^dn^cM and Gc-idRff^{M) = 
Gfd_RixcHJJj(Af) = Gfd_RixcHJJj^c'(Ar). Hence, by replacing R with Rk C, one can use 4.2 
to complete the proof. 

□ 

The following corollary is a consequence of pervious proposition and 4.3. 

Corollary 4.6. Let R be Cohen-Macaulay, C be a semidualizing R~module and let M be 
a d-dimensional finitely generated R-module of finite Gc ^projective dimension. Then the 
following statements are equivalent. 

(i) M is Cohen-Macaulay. 

(ii) Gc-fdflH^(Af) = Gc-pdRM + d. 

(iii) Gc-pdflH^(Af) = Gc-pdflAf + d. 

Proof. We notice that, by using \i, Exercise 1.2.26] and (TH Theorem 2.2.6], one can deduce 
that (i?K G, m®G) is a Cohen-Macaulay local ring. Also, Af is a Cohen-Macaulay i?-module 
if and only if M is a Cohen-Macaulay R k G-module. Therefore, the assertion follows from 
4.3 and 4.5. □ 
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